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Zh jlyh uhvxowv ri uhfhqw zrun rq d qhzo| ghyhorshg iuhtxhqf| vwdelolw| fkdudfwhul}dwlrq/
fdoohg Wrwdo yduldqfh/ zkrvh pdlq dgydqwdjhv duh lpsuryhg frq�ghqfh dw dqg qhdu wkh orqjhvw
dyhudjlqj wlph ri kdoi wkh gdwd gxudwlrq/ dqg orzhu vhqvlwlylw| wr guliw uhprydo1 Surshuwlhv jlyhq
khuh/ iru wkh vwdqgdug IP qrlvh w|shv/ lqfoxgh phdq/ ghjuhhv ri iuhhgrp/ iuhtxhqf| uhvsrqvh/
dqg hpslulfdo glvwulexwlrq ixqfwlrq1

4 Lqwurgxfwlrq dqg Frqfoxvlrqv

Wklv sdshu lv derxw fkdudfwhul}lqj frpprq/ gl!fxow wr fkdudfwhul}h iuhtxhqf| qrlvh prgxodwlrqv
irxqg dw orqj0whup dyhudjlqj wlph � lq wkh rxwsxw vljqdo ri pdq| oderudwru| iuhtxhqf| vwdqgdugv1
Lw dvvxphv d idploldulw| zlwk wkh Doodq yduldqfh dqg lwv fkdudfwhul}dwlrqv ri zklwh/  lfnhu/ dqg
udqgrp zdon IP qrlvh prghov +ZKIP/ IOIP/ dqg UZIP, ^4`1

D vkruwidoo ri wkh fxuuhqwo| uhfrpphqghg ^5` Doodq yduldqfh iru � / ghqrwhg khuh e| Dydu +�,/
lv wkdw wkh xvxdo hvwlpdwruv ri lw duh kljko| yduldeoh dw odujh � ^4/ 6/ 7` dqg duh vhqvlwlyh wr wkh
phwkrg ri guliw uhprydo ^8`1 Zh uhsruw vwdwlvwlfdo surshuwlhv ri d qhz nlqg ri iuhtxhqf| yduldqfh/
lqkhuhqwo| ghshqghqw rq phdvxuhphqw gxudwlrq W dv zhoo dv � / fdoohg Wrwdo yduldqfh dqg ghqrwhg
khuhdiwhu e| Wrwydu +�> W , +surqrxqfhg w�rw�0yçu,1 Zh txdqwli| wkh lpsuryhphqw lq wkh xqfhuwdlqw|
rq iuhtxhqf|0vwdelolw| hvwlpdwlrq iurp wkh xvh ri Wrwydu +�> W , udwkhu wkdq Dydu +�, lq wkh suhvhqfh
ri IP qrlvhv1 Wkh vtxduh urrw ri wklv yduldqfh/ fdoohg Wrwdo ghyldwlrq dqg ghqrwhg e| Wrwghy +�> W ,
ru wkh uhfrpphqghg ^5` qrwdwlrq �+cA�A�w+�,/ fdq eh lqwhusuhwhg olnh wkh Doodq ghyldwlrq �++�,
exw zlwk lpsuryhg frq�ghqfh dw orqj0whup � / dv srlqwhg rxw lq hduolhu sdshuv ^9/ :` dqg txdqwl�hg
lq wklv sdshu iru IP qrlvhv1 Zh gr qrw dgguhvv wkh lpsruwdqw surshuw| wkdw Wrwydu +�> W , dsshduv
wr kdyh frqvlghudeo| ohvv vhqvlwlylw| wr wkh phwkrg ri guliw uhprydo wkdq Dydu +�, ^;`1

Wkh pdlq dgydqwdjhv ri Wrwydu ryhu Dydu duh lpsuryhg frq�ghqfh dw dqg qhdu wkh orqjhvw
dyhudjlqj wlph ri � @ W@5/ dqg orzhu vhqvlwlylw| wr guliw uhprydo1 E| wkhru| dqg vlpxodwlrq zh
kdyh frpsxwhg lwv phdq/ yduldqfh/ dqg hpslulfdo suredelolw| glvwulexwlrq lq wkh suhvhqfh ri wkh
wkuhh IP qrlvh w|shv1 Yduldqfh uhvxowv duh jlyhq lq whupv ri htxlydohqw ghjuhhv ri iuhhgrp ^<`1 Lq

WFrqwulexwlrq ri wkh X1 V1 Jryhuqphqw/ qrw vxemhfw wr frs|uljkw
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wkh suhvhqfh ri zklwh IP qrlvh prgxodwlrq/ Wrwdo yduldqfh lv dq xqeldvhg hvwlpdwh ri wkh Doodq
yduldqfh iru doo � / |hw kdv wkuhh ghjuhhv ri iuhhgrp lqvwhdg ri rqh dw � @ W@51 Iru doo wkuhh qrlvh
w|shv/ wkh phdq dqg hgi ri Wrwydu duh jlyhq e| vlpsoh h{dfw ru hpslulfdo irupxodv1 D frpsdulvrq ri
wkh hpslulfdo glvwulexwlrq ri Wrwydu+W@5> W , zlwk wkh dssursuldwh fkl0vtxduhg glvwulexwlrq lqglfdwhv
wkdw frq�ghqfh lqwhuydov edvhg rq fkl0vtxduhg ohyhov duh frqvhuydwlyh1

Lq wkh hvwdeolvkhg wudglwlrq ri wlph dqg iuhtxhqf| vwdwlvwlfv/ iuhtxhqf| vwdelolw| lv ghvfulehg
lq whupv ri �qlwh0gl�huhqfh yduldqfhv wkdw duh hqvhpeoh ru lq�qlwh0wlph dyhudjhv ri vwdwlrqdu|/
hujrglf lqfuhphqwv ri skdvh ^45/ 46/ 47`1 Lq sduwlfxodu/ wkh wkhruhwlfdo Doodq yduldqfh lv d qxpehu
wkdw ghshqgv rqo| rq � / zkloh lwv frqyhqwlrqdo hvwlpdwruv duh udqgrp yduldeohv wkdw ghshqg rq
erwk � dqg W / wkh odujhvw srvvleoh � ehlqj W@51 Wrwdo yduldqfh lv d udqgrp yduldeoh wkdw/ dorqj
zlwk doo lwv surshuwlhv/ lqkhuhqwo| ghshqgv rq erwk � dqg W 1 Pruhryhu/ Wrwdo yduldqfh fdq uhsruw
ydoxhv eh|rqg wkh xvxdo Doodq yduldqfh odvw0� ydoxh ri � @ W@5> lwv ydoxhv dw � A W@5 pljkw eh
xvhg wr dxjphqw wkh qrupdo odvw0� ydoxh ri iuhtxhqf| vwdelolw| uhsruwhg dw � @ W@51

Zh frpsxwh wkh iuhtxhqf| uhvsrqvh ri Wrwdo yduldqfh dv d ixqfwlrq ri � e| dyhudjlqj wkh
vtxduhv ri wkh Irxulhu wudqvirupv ri Wrwdo yduldqfh vdpsolqj ixqfwlrqv/ dqg �qg wkdw lw uhvhpeohv
wkh iuhtxhqf| uhvsrqvh ri Doodq yduldqfh1 Wkh uhvxowv ri wkhvh lqyhvwljdwlrqv lqglfdwh wkdw Wrwdo
yduldqfh/ zkloh lw kdv dq lqwhusuhwdwlrq olnh wkdw ri wkh Doodq yduldqfh/ dovr kdv orzhu yduldelolw|
dqg ohvv vhqvlwlylw| wr guliw uhprydo1

5 Htxdwlrqv iru AL|�@h E�c A �

Wkh sxusrvh ri wklv vhfwlrq lv wr jlyh d suhflvh gh�qlwlrq ri Wrwydu +�> W , iru dq Q%0srlqw wlph
ghyldwlrq uhfrug zlwk vdpsoh shulrg �f1 Lq wkh iroorzlqj ghvfulswlrq/ wkh lqglfhv p/ q/ dqg Q% duh
uhodwhg wr wlph e| � @ p�f/ w @ wf . q�f/ dqg W @ Q%�f/ zkhuh wf lv wkh wlph ruljlq dqg zlwkrxw
orvv pd| eh pdgh htxdo wr 31

Zh vwduw zlwk wlph0ghyldwlrq gdwd {?> q @ 4 wr Q%/ zlwk qrupdol}hg iuhtxhqf| ghyldwlrqv
|? @ +{?n� � {?, @�f> q @ 4 wr Q+ @ Q% � 41 H{whqg wkh vhtxhqfh i|?j wr d qhz/ orqjhu yluwxdo
vhtxhqfh i|W?j e| uh hfwlrq dv iroorzv= iru q @ 4 wr Q+ ohw |

W
? @ |?> iru m @ 4 wr Q+ � 4 ohw

|W�3� @ |�> |W�+n� @ |�+n�3� = +4,

Dq htxlydohqw rshudwlrq fdq eh shuiruphg rq wkh ruljlqdo wlph0ghyldwlrq vhtxhqfh i{?j wr surgxfh
dq h{whqghg yluwxdo vhtxhqfh i{W?j dv iroorzv= iru q @ 4 wr Q% ohw {W? @ {?> iru m @ 4 wr Q% � 5 ohw

{W�3� @ 5{� � {�n�> {W�%n� @ 5{�%
� {�%3� = +5,

Wklv rshudwlrq/ ghslfwhg lq Iljxuh 4/ lv fdoohg h{whqvlrq e| uh hfwlrq derxw erwk hqgsrlqwv1 Wkh
uhvxow ri wklv h{whqvlrq lv d yluwxdo gdwd vhtxhqfh {W?> q @ 6�Q% wr 5Q%�5/ kdylqj ohqjwk 6Q%�7
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iru 4 � p � Q% � 4/ wkdw lv/ � fdq jr wr +Q% � 4, �f lqvwhdg ri wkh xvxdo olplw ri e+Q% � 4, @5f �f1
Wkh suhylrxv qrwdwlrq Wrwydu +�> W , lv wr eh uhjdughg dv htxlydohqw wr +6, zlwk wkh ghshqghqfh rq
�f vxssuhvvhg1 Wrwydu fdq dovr eh uhsuhvhqwhg lq whupv ri h{whqghg iudfwlrqdo iuhtxhqf|  xfwxdwlrq
dyhudjhv dv
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Lw fdq eh yhul�hg wkdw Wrwydu/ olnh Dydu dqg lwv hvwlpdwruv/ lv lqyduldqw wr dq ryhudoo vkliw
lq skdvh dqg iuhtxhqf|> wkdw lv/ li d �uvw0ghjuhh sro|qrpldo ff . f�q lv dgghg wr wkh ruljlqdo gdwd
vhw {?/ wkhq Wrwydu grhv qrw fkdqjh1

Zh h{shfw wkh Wrwdo yduldqfh wr eh dssolhg prvwo| wr orqj skdvh uhfrugv lq zklfk wkh
IP qrlvhv grplqdwh wkh SP qrlvhv +zklwh dqg  lfnhu SP,1 Wkhq/ lw lv frqyhqlhqw iru wkhruhwlfdo
sxusrvhv wr dssur{lpdwh Wrwydu +p>Q%> �f, e| d frqwlqxrxv0wlph dqdorj fdoohg Wrwyduf +�> W ,/ lq
zklfk wkh vxp lq +6, lv uhsodfhg e| dq lqwhjudo dqg ghshqghqfh rq �f lv holplqdwhg1 Wkh wlph
ghyldwlrq lv qrz d frqwlqxrxv0wlph surfhvv { +w,/ jlyhq iru 3 � w � W 1 H{whqg { +w, wr {W +w,
dv iroorzv= iru 3 � w � W ohw {W +w, @ { +w,> iru 3 ? x � W ohw {W +�x, @ 5{ +3, � { +x, dqg
{W +W . x, @ 5{ +W ,� { +W � x,1 Wkhq {W +w, lv jlyhq iru �W � w � 5W 1 Wkh frqwlqxrxv dqdorj ri
Wrwydu lv gh�qhg e|
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iru 3 ? � � W 1
Wkh h{suhvvlrqv deryh duh txlwh gl�huhqw iurp wkhlu htxlydohqw Doodq yduldqfh h{suhvvlrqv1

Pdlqo|/ Wrwydu +�> W , uhsruwv d ydoxh iru dq lqwhuydo � zlwklq gdwd ohqjwk W edvhg rq pruh vdpsohv
ri wkh vhfrqg0gl�huhqfh ri skdvh +ru �uvw0gl�huhqfh ri dyhudjh iuhtxhqf|, xvlqj d uhduudqjhg dqg
h{whqghg vhulhv ri wkh ruljlqdo gdwd vhulhv i{?j1 Lw grhv wklv e| d pxowlsoh vdpsoh rq wkh skdvh
xvlqj d odujhu/ yluwxdo vhw ri gdwd zklfk lv dq rgg/ ru uh hfwhg/ h{whqvlrq dw wkh ehjlqqlqj dqg hqg
+ohiw dqg uljkw, ri wkh ruljlqdo uhdo vhw1 Iljxuh 4 looxvwudwhv wkh h{whqvlrq dqg/ khqfh/ wkh uhvxowlqj
flufxodu ru uhshdwlqj uhsuhvhqwdwlrq1

Dqdo|}lqj d odujhu yluwxdo gdwd vhw exlow iurp wkh ruljlqdo gdwd vhw kdv ehhq d wrro lq
iuhtxhqf|0grpdlq vljqdo surfhvvlqj iru pdq| |hduv1 Dq dvvxpswlrq ri shulrglflw| uhsodfhv wkh
uhfxuuhqw ehkdylru +lq d wlph0vhulhv vhqvh,/ d frqvhtxhqfh ri wkh hujrglf sulqflsoh ^48`1 Lq sduwlfxodu/
d udqjh ri iuhtxhqf| ydoxhv +Irxulhu frpsrqhqwv, iurp 3 ? i ? i� fdq eh h{whqghg e| d pluuru
uh hfwlrq wkurxjk i @ 3 vr wkdw �qhjdwlyh iuhtxhqflhv� duh dgghg wr dq ruljlqdo gdwd vhw/ uhvxowlqj
lq �i� ? i ? i�1 Lq wkh frqwh{w ri wlph0vhulhv dqdo|vlv/ udwkhu wkdq grlqj h{whqvlrqv ri wkh ruljlqdo
yhfwru i{?j dqg dsso|lqj wkh vwudljkw vhfrqg0gl�huhqfh/ zh dowhuqdwlyho| fdq uhvdpsoh zlwklq wkh
ruljlqdo yhfwru> vhh Vhfwlrq 7 iru dq dojrulwkp wkdw uhtxluhv qr h{whqvlrq ri wkh gdwd duud|1

6 AL|�@hU E�c A � dv dq Hvwlpdwru ri ��@h E��

614 Phdq dqg Yduldqfh

Iru frpsxwlqj wkhruhwlfdo prphqwv lw lv frqyhqlhqw wr xvh wkh frqwlqxrxv0wlph udqgrp yduldeoh
Wrwyduf +�> W , dv d vxuurjdwh iru wkh glvfuhwh0wlph udqgrp yduldeoh Wrwydu +�> W ,/ iru wkh vdph
uhdvrq wkdw wkh fdofxoxv ri lqwhjudov dqg ghulydwlyhv lv ohvv lqwulfdwh wkdq wkh fdofxoxv ri vxpv dqg
gl�huhqfhv1 Wkh phdq dqg yduldqfh ri Wrwyduf +�> W , lq wkh suhvhqfh ri wkh wkuhh vwdqgdug srzhu0odz
IP qrlvhv zhuh frpsxwhg e| wkh jhqhudol}hg dxwrfryduldqfh phwkrg ^7` xqghu wkh dvvxpswlrq ri
Jdxvvldq/ phdq0}hur vhfrqg gl�huhqfhv ri skdvh> qr iuhtxhqf| guliw ru guliw uhprydo lv doorzhg1 Wkh
phdq H ^Wrwyduf +�> W ,` lv frpsduhg wr Dydu +�,> wkh yduldqfh lv prvw frqyhqlhqwo| frppxqlfdwhg
wkurxjk wkh htxlydohqw ghjuhhv ri iuhhgrp +hgi,/ gh�qhg iru d udqgrp yduldeoh Y e|

hgi +Y , @
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ydu +Y ,
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Wkh uhvxowv/ vrph ri zklfk duh h{dfw dqg vrph ri zklfk duh hpslulfdo �wv wr qxphulfdoo| frpsxwhg
uhvxowv/ fdq eh h{suhvvhg dv
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zkhuh d/ e/ dqg f duh jlyhq lq Wdeoh L1 Wkhvh uhvxowv zhuh fkhfnhg e| vlpxodwlrqv riWrwydu +p>Q%> �f,/
zlwk Q% @ 4341

Wdeoh L1 Ydoxhv ri d/ e dqg f iru IP qrlvhv

Qrlvh d e f

ZKIP 3 6@5 3

IOIP 4@+6 oq+5,, 57 +oq+5,@�,2 31555
UZIP 6@7 473@484 3168;

Wkh vlpsoh/ h{dfw irup +:, iru wkh phdq ri Wrwydu fdq eh lqwhusuhwhg dv d vfdolqj surshuw|
ri srzhu0odz qrlvh1 Lw wxuqv rxw wklv zd| ehfdxvh wkh vkdshv ri wkh vdpsoh ixqfwlrqv iru Wrwydu dqg
Dydu +vhh Vhfwlrq 7, ghshqg rqo| rq � 1 Iru W@5 ? � � W wkh vdpsolqj ixqfwlrq vkdshv ghshqg dovr
rq W > |hw/ lw lv qrwhzruwk| wkdw +:, shuvlvwv doo wkh zd| wr W / exw rqo| iru zklwh IP dqg udqgrp
zdon IP1 Wkh hgi uhvxowv duh hpslulfdo/ zlwk dq revhuyhg huuru ehorz 415( ri qxphulfdoo| frpsxwhg
ydoxhv> iru zklwh IP/ wkrxjk/ wkh hgi uhvxow dsshduv wr eh h{dfw/ dowkrxjk wklv lv xqyhul�hg1

Iru zklwh IP qrlvh surfhvvhv/ Wrwdo Yduldqfh lv dq xqeldvhg hvwlpdwh ri wkh wudglwlrqdo Doodq
Yduldqfh +vtxduh ri iuhtxhqf| fkdqjh yv1 �, iru doo dyhudjlqj wlphv +� *v,1 Lwv sulpdu| dgydqwdjh dv
vxuplvhg iurp +;, dqg Wdeoh L lv d frqvlghudeoh lpsuryhphqw lq wkh frq�ghqfh ri wkdw hvwlpdwh dw
orqjhu dyhudjlqj wlphv1 Iru h{dpsoh/ 43 333 vhfrqgv ri iuhtxhqf| phdvxuhphqwv phdqv wkdw � fdq*w
jr eh|rqg 8333 vhfrqgv +W@5, wr jhw rqh vlqjoh hvwlpdwh ri iuhtxhqf|0fkdqjh ryhu wkh gdwd gxudwlrq
+odvw kdoi plqxv �uvw kdoi, xvlqj Dydu1 Wkh hgi uhvxow +;, iru zklwh IP |lhogv wkh htxlydohqw ri
wkuhh lqghshqghqw hvwlpdwhv +hgi @ 6, e| xvlqj Wrwydu dqg lwv pxowl0vdpsolqj ixqfwlrq/ zklfk lv
glvfxvvhg lq wkh qh{w vhfwlrq1 Wkh lpsuryhphqw ri hgi lq wkh suhvhqfh ri IOIP dqg UZIP +513<:
dqg 41847/ uhvshfwlyho|, lv qrw dv gudpdwlf/ exw vxevwdqwldo qhyhuwkhohvv1 Iru � @ W@7/ W@;/ hwf1/ wkh
frq�ghqfh phdvxuhv ri Doodq dqg Wrwdo frq�ghqfh dssurdfk hdfk rwkhu/ xqwlo wkh| duh hvvhqwldoo|
wkh vdph dw W@491 Iru vpdoo ydoxhv ri �@W / wkh wlph0ghyldwlrq uhfrug lv h{whqghg rqo| d vkruw
glvwdqfh dw erwk hqgv/ dqg khqfh Wrwydu +�> W , gl�huv olwwoh iurp wkh ixoo| ryhuodsshg hvwlpdwru ri
Dydu +�, ^<`1

615 Glvwulexwlrq Ixqfwlrqv

Lq wkh wudglwlrq ri wlph dqg iuhtxhqf| vwdwlvwlfv/ lw lv fxvwrpdu| wr ghulyh frq�ghqfh lqwhuydov iru
iuhtxhqf| vwdelolw| rq wkh edvlv ri wkh dvvxpswlrq wkdw wkh suredelolw| glvwulexwlrq ri d iuhtxhqf|
vwdelolw| hvwlpdwru Y / zkhq vfdohg dssursuldwho|/ iroorzv wkh fkl0vtxduhg glvwulexwlrq zlwk wkh vdph
hgi dv Y > vhh ^<`1 Wkh fkl0vtxduhg dvvxpswlrq kdv ehhq lqyhvwljdwhg lq d olplwhg zd| iru frqyhqwlrqdo
hvwlpdwruv ri Doodq yduldqfh ^43/ 44`> lq ylhz ri wkh juhdwhu frpsoh{lw| ri Wrwdo yduldqfh/ vrph
lqyhvwljdwlrq ri lwv glvwulexwlrq lv dssursuldwh1

Ohw Y ghqrwh wkh Wrwydu hvwlpdwru ri Doodq yduldqfh �2/ iru vrph � / dqg ohw u @ H +Y , @�2/
� @ hgi +Y ,/ zklfk duh suhvxphg nqrzq iurp wkh suhylrxv uhvxowv1 Wkhq wkh udqgrp yduldeoh

[ @
�Y

u�2



kdv wkh vdph phdq dqg hgi dv grhv d "2
D / qdpho|/ �1 Li [ kdg wkh "2

D glvwulexwlrq/ wkhq rqh frxog
ghulyh frq�ghqfh lqwhuydov iru �2 edvhg rq rqh revhuydwlrq ri Y 1

Zh fduulhg rxw d eulhi lqyhvwljdwlrq ri wkh fkl0vtxduhg dvvxpswlrq iru wkh prvw lpsruwdqw
fdvh ri � @ W@51 Rqh wkrxvdqg lqghshqghqw wuldov ri Wrwydu +83> 434, zhuh vlpxodwhg iru wkh wkuhh
IP qrlvh w|shv/ dqg wkh hpslulfdo glvwulexwlrq ixqfwlrqv ri[ zhuh sorwwhg dorqj zlwk wkh wkhruhwlfdo
fkl0vtxduhg glvwulexwlrq ixqfwlrqv1 Wkh fkl0vtxduhg glvwulexwlrqv zhuh jrrg �wv wr wkh hpslulfdo
glvwulexwlrqv h{fhsw dw wkh orzhu wdlov/ h{sdqghg ylhzv ri zklfk duh vkrzq lq Iljxuh 51 Wkh hpslulfdo
wdlo dozd|v olhv ehorz wkh fkl0vtxduhg wdlo1 Wkxv/ iru d suredelolw| s � 3=5/ li {D +s, lv wkh fkl0vtxduhg
ohyho iru s/ dqg {WD +s, wkh ohyho ri wkh vfdohg Wrwydu [/ zh kdyh {D +s, ? {WD +s,1 Ehfdxvh wkh xsshu
hqg ri d wuxh frq�ghqfh lqwhuydo iru �2 lv sursruwlrqdo wr 4@{WD +s, iru dq dssursuldwh ydoxh ri s/
xvlqj { +s, iru wklv sxusrvh jlyhv d frqvhuydwlyh frq�ghqfh lqwhuydo1 Iru h{dpsoh/ vxssrvh zh zdqw
d <3( frq�ghqfh lqwhuydo iru �2 dw � @ W@5 edvhg rq Y @ Wrwydu +W@5> W , dqg d zklwh0IP qrlvh
dvvxpswlrq1 Wkhq u @ 4/ � @ 6> wkh 8( dqg <8( "2

� ohyhov duh 31685 dqg :1;4> dqg d <3( frq�ghqfh
lqwhuydo iru �2 edvhg rq fkl0vtxduhg lv ^6Y@:=;4> 6Y@=685` @ ^3=6;7Y> ;=85Y `1 +Wdnh vtxduh urrwv iru
�1, Wkh pruh uhdolvwlf ydoxh ri 3193 iru wkh 8( Wrwydu ohyho iurp Iljxuh 5+d, uhgxfhv wkh xsshu hqg
ri wkh frq�ghqfh lqwhuydo wr 8Y 1

7 Vdpsolqj Ixqfwlrqv dqg Iuhtxhqf| Uhvsrqvhv

H{whqglqj e| uh hfwlrq dq ruljlqdo i{?j yhfwru dw erwk hqgv dqg wkhq dsso|lqj d vhfrqg gl�huhqfh
fdq eh htxlydohqwo| uhsuhvhqwhg dv irxu gl�huhqw w|shv ri gl�huhqflqj rq i{? = q @ 4> = = = > Q%j
gluhfwo|1 Wkh vxppdqg ri Wrwydu +p>Q%> �f, lq wkh iroorzlqj htxdwlrq wdnhv rq irxu irupv wkdw
ghshqg rq wkh uhodwlrqvkls ri q wr d jlyhq p dqg Q%=

Wrwydu +p>Q%> �f, @
4

5+p�f,2+Q% � 5,

�%3�[
?'2

G2
?> +<,

zkhuh

G? @ {?36 � 5{? . {?n6 = p� q � 4> p. q � Q%>

G? @ 5{� � {23?n6 � 5{? . {?n6 = p� q ? 4> p. q � Q%>

G? @ {?36 � 5{? . 5{�%
� {2�%3?36 = p� q � 4> p. q A Q%>

G? @ 5{� � {23?n6 � 5{? . 5{�%
� {2�%3?36 = p� q ? 4> p. q A Q%=

Zh fdq ghulyh iurp wkhvh h{suhvvlrqv wkh iuhtxhqf| vdpsolqj ixqfwlrqv dvvrfldwhg zlwk
Wrwydu +�> W ,/ wkdw lv/ krz lwv whupv dfw rq |? @ +{? � {?3�, @�f/ dqg frqwudvw wkhp zlwk wkh
vlpsohu vdpsolqj ixqfwlrq dvvrfldwhg zlwk Dydu +�, +vhh Iljxuh 6,/ zklfk jlyhv wkh fkdqjh lq dyhudjh
iuhtxhqf| iurp rqh � lqwhuydo wr wkh qh{w ^:`1 Wkh dxjphqwdwlrq lqfrusrudwhg lq Wrwydu +�> W ,
frpelqhv wkh vhtxhqwldo vdpsolqj ixqfwlrq zlwk rwkhuv zklfk pdnhv lwv vdpsolqj whfkqltxh el}duuh/
exw qhyhuwkhohvv vkrzq lq Iljxuh 71

Dowkrxjk wkh wlph0grpdlq suhvhqwdwlrq ri wkh dfwlrq ri Wrwydu rq iuhtxhqf| uhvlgxdov vhhpv
wr jlyh olwwoh lqvljkw/ zh fdq xvh wkh Irxulhu wudqvirup ri wkhvh vdpsolqj ixqfwlrqv wr ghulyh iuhtxhqf|
uhvsrqvhv wkdw shukdsv frqyh| pruh phdqlqj1 Wkh frqwlqxrxv dqdorj yhuvlrq ri Wrwydu+�> W , fdq
eh zulwwhq lq wkh irup

Wrwyduf +�> W , @
4

5�2W

] A

f

gw

%] A

f

gx | +x,k+ +x> w> �,

&2
> +43,



zkhuh k+ +x> w> �, lv wkh vdpsolqj ixqfwlrq iru u2
�{

W +w, +iru wkh h{whqghg {W +�, uhfrug, lq whupv ri

| +x, @ g{+x,@gx> 3 ? x ? W 1 Ohw K+ +i > w> �, @
U A
f
k+ +x> w> �, h

3�2Zs�gx1 Zh fdq vkrz wkdw wkh
h{shfwhg ydoxh lv jlyhq lq whupv ri V+ +i,/ wkh rqh0vlghg vshfwudo ghqvlw| ri | +w,/ e|

H ^Wrwyduf +�> W ,` @
] "

f

Z+ +i > �> W ,V+ +i,gi> +44,

zkhuh

Z+ +i > �> W , @
4

5�2W

] A

f

mK+ +i > w> �,m
2 gw= +45,

Z+ +i > �> W , fdq wkhuhiruh eh uhjdughg dv wkh phdq iuhtxhqf| uhvsrqvh ri Wrwydu dv dq dfwlrq rq
| +w,1 Iljxuh 8 vkrzv wklv iuhtxhqf| uhvsrqvh sorwwhg djdlqvw i� iru �@W @ 3=4> 3=5> = = = > 3=81 Wkh
iuhtxhqf| uhvsrqvh ri Doodq yduldqfh +grwwhg fxuyh, lv wkh olplw ri Wrwydu uhvsrqvh dv �@W $ 31
Dovr vkrzq +gdvkhg fxuyh, lv wkh iuhtxhqf| uhvsrqvh ri 5 �Wrwyduf +W> W ,/ uhjdughg dv dq hvwlpdwru
ri Dydu +W@5, +vhh Vhfwlrq 8 ehorz,1

Wrwyduf +�> W , kdv dq dssur{lpdwh Doodq0olnh uhvsrqvh> pruh lpsruwdqwo|/ Wrwydu grhv qrw
kdyh wkh ghhs qxoov hqfrxqwhuhg zlwk Dydu+�, qhdu � @ W@5> frqvhtxhqwo| lw kdv ohvv yduldelolw|
dqg khqfh ehwwhu frq�ghqfh dv lqglfdwhg e| dq lqfuhdvhg hgi1 Zh vkrzhg wkdw wkh hvwlpdwh +ylv0ã0
ylv H ^Wrwyduf +�> W ,`, lv dq xqeldvhg hvwlpdwh ri Dydu+�, iru ZKIP qrlvh dqg voljkwo| eldvhg iru
IOIP dqg UZIP qrlvh1 Wklv pd| eh vrphzkdw hylghqfhg e| qrwlqj wkh voljkw uhgxfwlrq lq wkh
dpsolwxghv ri wkh pdlq orehv ri wkh iuhtxhqf| uhvsrqvhv lq Iljxuh 81

8 Surshuwlhv ri AL|�@hU EAc A �

Dowkrxjk zh kdyh gh�qhg Wrwydu iru � doo wkh zd| xs wr +Q% � 4, �f/ zh fdq uhdolvwlfdoo| h{shfw wr
rewdlq phdqlqjixo iuhtxhqf| vwdelolw| uhvxowv rqo| � � W@51 Qhyhuwkhohvv/ zh frpsxwhg wkh phdq
dqg hgi ri Wrwyduf +�> W , iru W@5 ? � � W 1 Iru zklwh dqg udqgrp zdon IP/ wzlfh Wrwyduf +W> W ,
lv xqeldvhg iru Dydu +W@5, dqg lv doprvw xqeldvhg +zlwklq d idfwru ri 5@ +6 oq+5,, @ 3=<94;, iru
 lfnhu IP1 Wklv uhvxow zdv prwlydwhg e| frpsdulqj wkh iuhtxhqf| uhvsrqvhv ri 5 � Wrwyduf +W> W ,
dqg Dydu +W@5,/ dv vhhq lq Iljxuh 81 Xqiruwxqdwho|/ Wrwyduf +W> W , kdv d vpdoohu hgi +418/ 41459/ dqg
4135< iru ZKIP/ IOIP/ dqg UZIP, wkdq Wrwyduf +W@5> W , grhv/ dqg khqfh wkh phdq0vtxduhg
huuru +eldv2 . yduldqfh, ri 5 � Wrwyduf +W> W , dv dq hvwlpdwru ri Dydu +W@5, lv juhdwhu wkdq wkdw ri
Wrwyduf +W@5> W ,/ vr zh pljkw vwloo suhihu Wrwyduf +W@5> W ,/ ru shukdsv vrph olqhdu frpelqdwlrq ri
wkh wzr1 Wklv srvvlelolw| kdv |hw wr eh lqyhvwljdwhg/ exw rwkhu zrun lqglfdwhv wkdw Wrwdo yduldqfh
frh!flhqwv eh|rqg � @ W@5 frxog mxvwl�deo| eh lqfrusrudwhg lq wkh odvw W25 ydoxh xvxdoo| uhsruwhg1
Vxpplqj doo wkh idploldu �srzhu0ri05� � 0ydoxhv lq d Wrwdo yduldqfh sorw ohdgv wr h{dfwo| wzlfh wkh
vwdqgdug vdpsoh yduldqfh pxfk lq wkh vdph zd| wkdw lqwhjudwlqj dq hvwlpdwh ri d vshfwuxp dovr
|lhogv wkh vdpsoh yduldqfh ^4;`1

Uhihuhqfhv

^4` G1E1 Vxoolydq/ G1Z1 Doodq/ G1D1 Krzh/ dqg I1O1 Zdoov +Hglwruv,/ Fkdudfwhul}dwlrq ri Forfnv

dqg Rvfloodwruv/ Qdwo1 Lqvw1 Vwdqg1 Whfkqro1 Whfkqlfdo Qrwh 466: +4<<3> dydlodeoh iurp QLVW/
658 Eurdgzd|/ Erxoghu/ FR ;3636�665;,1

^5` H1V1 Ihuuh0Slndo/ M1U1 Ylj/ hw do1/ �Gudiw Uhylvlrq ri LHHH Vwg 446<04<;;= Vwdqgdug Gh�qlwlrqv
ri Sk|vlfdo Txdqwlwlhv iru Ixqgdphqwdo Iuhtxhqf| dqg Wlph Phwurorj|�Udqgrp Lqvwdelol0
wlhv/� Surf1 4<<: LHHH Lqw1 Iuht1 Frqw1 V|ps1/ 66;�68: +4<<:> lq uhylvlrq,1



^6` G1D1 Krzh dqg G1E1 Shuflydo/ �Zdyhohw Yduldqfh/ Doodq Yduldqfh/ dqg Ohdndjh/� LHHH Wudqv1

Lqvwuxp1 Phdv1/ LP077/ <7�<: +4<<8,1

^7` F1D1 Juhhqkdoo/ �D Vwuxfwxuh Ixqfwlrq Uhsuhvhqwdwlrq Wkhruhp zlwk Dssolfdwlrqv wr Iuh0
txhqf| Vwdelolw| Hvwlpdwlrq/�LHHH Wudqv1 Lqvwuxp1 Phdv1/ LP065/ 697�6:3 +4<;6,1

^8` P1D1 Zhlvv dqg F1 Kdfnpdq/ �Frq�ghqfh rq wkh Wkuhh0Srlqw Hvwlpdwru ri Iuhtxhqf| Guliw/�
Surf1 57wk Dqq1 SWWL Phhwlqj/ 784�793 +4<<5,1

^9` G1D1 Krzh/ �Dq H{whqvlrq ri wkh Doodq Yduldqfh zlwk Lqfuhdvhg Frq�ghqfh dw Orqj Whup/�
Surf1 4<<8 LHHH Lqw1 Iuht1 Frqw1 V|ps1/ 654�65<1

^:` G1D1 Krzh/ �Phwkrgv ri Lpsurylqj wkh Hvwlpdwlrq ri Orqj0whup Iuhtxhqf| Yduldqfh/� Surf1
4<<: Hxurshdq Iuhtxhqf| dqg Wlph Iruxp/ <4�<<1

^;` G1D1 Krzh dqg N1M1 Odlqvrq/ �H�hfw ri Guliw rq WRWDOGHY/� Surf1 4<<9 LHHH Lqwo1 Iuht1

Frqwuro V|ps1 ;;6�;;<1

^<` G1D1 Krzh/ G1Z1 Doodq/ dqg M1D1 Eduqhv/ �Surshuwlhv ri Vljqdo Vrxufhv dqg Phdvxuhphqw
Phwkrgv/� Surf1 68wk Iuht1 Frqw1 V|ps1/ 4�7: +4<;4> uhsulqwhg lq ^4`,1

^43` N1 \rvklpxud/ �Fkdudfwhul}dwlrq ri Iuhtxhqf| Vwdelolw|= Xqfhuwdlqw| Gxh wr wkh Dxwrfruuh0
odwlrq ri wkh Iuhtxhqf| Ioxfwxdwlrqv/� LHHH Wudqv1 Lqvwuxp1 Phdv1/ LP05:/ 4�: +4<:;,1

^44` Z1Y1 Suhvwzlfk dqg W1M1 Nhqqhww/ �Wkh Vwdwlvwlfdo Surshuwlhv ri Doodq Yduldqfh/� Fdq1 M1

Sk|v1 9</ 4738�4748 +4<<4,1

^45` M1D1 Eduqhv/ �Dwrplf Wlphnhhslqj dqg wkh Vwdwlvwlfv ri Suhflvlrq Vljqdo Jhqhudwruv/� Surf1
LHHH 87/ 53:�553 +4<99,1

^46` M1D1 Eduqhv/ D1U1 Fkl/ O1V1 Fxwohu/ G1M1 Khdo|/ G1E1 Ohhvrq/ W1H1 PfJxqljdo/ M1D1 Pxoohq/
Mu1/ Z1O1 Vplwk/ U1O1 V|gqru/ U1I1F Yhvvrw/ J1P1U1 Zlqnohu/ �Fkdudfwhul}dwlrq ri iuhtxhqf|
vwdelolw|/� LHHH Wudqv1 Lqvwuxp1 Phdv1/ LP053/ 438�453 +4<:4,1

^47` M1 Uxwpdq/ �Fkdudfwhul}dwlrq ri Skdvh dqg Iuhtxhqf| Lqvwdelolwlhv lq Suhflvlrq Iuhtxhqf|
Vrxufhv= Iliwhhq \hduv ri Surjuhvv/� Surf1 LHHH 99/ 437;�43:8 +4<:;,1

^48` G1D1 Krzh/ �Flufxodu Uhsuhvhqwdwlrq ri Lq�qlwho| H{whqghg Vhtxhqfhv/� Surf1 4<<8 LHHH Lqwo1

Iuht1 Frqw1 V|ps1 66:�6781

^49` G1Z1 Doodq/ P1D1 Zhlvv/ dqg M1O1 Mhvshuvhq/ �D Iuhtxhqf|0grpdlq Ylhz ri Wlph0grpdlq
Fkdudfwhul}dwlrqv ri Forfnv dqg Wlph dqg Iuhtxhqf| Glvwulexwlrq V|vwhpv/� Surf1 78wk Iuht1
Frqw1 V|ps1/ 99:�9:; +4<<4,1

^4:` G1D1 Krzh dqg N1M1 Odlqvrq/ �Vlpxodwlrq Vwxg| Xvlqj d Qhz W|sh ri Vdpsoh Yduldqfh/�
Surf1 4<<8 SWWL Phhwlqj/ 5:<�5<31

^4;` G1E1 Shuflydo dqg G1D1 Krzh/ �Wrwdo Yduldqfh dv dq H{dfw Dqdo|vlv ri wkh Vdpsoh Yduldqfh/�
Surf1 4<<: SWWL Phhwlqj/ wklv lvvxh1
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Figure 1. (a) Extension of a phase record by reflection at both ends;  (b)
circular representation of extended phase record

Figure 2. Expanded views of the lower tails of empirical Totvar distribution
functions (lower curves), and the corresponding chi-square distribution functions
(upper curves)
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Figure 3. Usual sampling given by Avar for values of m and n when , 

Figure 4. Sampling given by Totvar for values of m and n when ; note that m is not
restricted to  as with Avar
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Figure 5. Mean frequency responses of Avar and Totvar as
operations on y(t)


